Abstract. In this paper we are going to investigate the approximate biprojectivity and the φ-biflatness of some Banach algebras related to the locally compact groups. We show that a Segal algebra S(G) is approximate biprojective if and only if G is compact. Also for a continuous weight w ≥ 1, we show that L 1 (G, w) is a approximate biprojective if and only if G is compact.
Introduction
Johnson with his revolutionary theorem caused that the notion of amenable locally compact group grew up to the Banach algebras. In fact a Banach algebra A is amenable if every continuous derivation D : A → X * is inner, that is, there exists x ∈ X * such that D(a) = ad x (a) = a·x−x·a, for every Banach A-bimodule X. Also he came up with a characterization of the amenability of a Banach algebra A via the existence of a particular bounded net in A ⊗ p A, for more details, see [9] and [10] .
Some notions like biflatness and biprojectivity introduced by Helemskii. These notions thrived the Banach homology theory and biflat and biprojective Banach algebras are very important objects in the Banach homology theory. Indeed, A is called biflat (biprojective), if there exists a bounded A-bimodule morphism ρ : A → (A ⊗ p A) * * (ρ : A → A ⊗ p A) such that π * * A • ρ is the canonical embedding of A into A * * (ρ is a right inverse for π A ), respectively, see [3] . Biflatness and biprojectivity are closest notions to the amenability in the Banach algebra theory. Indeed, A is an amenable Banach algebra if and only if A is biflat and A has a bounded approximate identity.
introduced this notion for investigation of nilpotent ideals of Banach algebras, see [21] . The approximated notions of Banach homology got more enhanced by Samei et al.. They investigated abstract Segal algebras with respect to group algebras and Fourier algebras under the notion of approximate biflatness, see [20] .
There exist new notions of amenability which deal with the diagonal of a Banach algebras.
Ghahramani and Zhang defined two concepts of pseudo amenability and pseudo contractibility for Banach algebras. A Banach algebra A is called pseudo contractible (pseudo amenable) if there exists a not necessarily bounded net (m α ) α ⊆ A ⊗ p A such that
for every a ∈ A, respectively. We recall that a Banach algebra A is pseudo contractible if and only if A is approximate biprojective with a central approximate identity. For more information about these concepts see [5] .
Another notion of amenability which deals with a multiplicative linear functional φ on a Banach algebra A, is the left φ-amenability. Indeed, A is a left φ-amenable Banach algebra, if every continuous derivation D : A → X * is inner for every A-bimodule X * , where a · x = φ(a)x for every a ∈ A and x ∈ X. Kanuith et al. in [11] showed that the left φ-amenability is equivalent with existence of a bounded net (m α ) α in A such that
Hu et al. in [7] suggests the definition of left φ-contractible Banach algebras via the left φ-virtual diagonals. Nasr-Isfahani et al. in [14] showed that the left φ-contractibility of Banach algebras is equivalent with the existence of an element m ∈ A such that am = φ(a)m and φ(m) = 1 for every a ∈ A. Authors in [18] defined the notions of φ-biflat and φ-biprojective Banach algebras.
Indeed, for a Banach algebra A and φ ∈ ∆(A), A is called φ-biflat (φ-biprojective) Banach algebra, if there exists a bounded A-bimodule morphism ρ :
, for every a ∈ A, respectively. They showed that for a locally compact group G, L 1 (G) is φ-biflat if and only if G is an amenable group. Also they showed that A(G) is φ-biprojective if and only if G is discrete.
Here, at the following, we are going to give some questions which authors are concern about them and they want to answer them. Note that, before each question, we give the history of that one.
Samei et al. in [20, Theorem 3.5] showed that for a locally compact group G, Segal algebra S(G) is pseudo contractible if and only if G is compact. Also we know that the pseudo contractibility of a Banach algebra A implies the approximate biprojectivity of that Banach algebra. Question 1.1. Let G be a locally compact group G. What will happen if a Segal algebra S(G) is approximate biprojective? Helemskii in [3, Theorem 5.13] showed that for a locally compact group G, L 1 (G) is biprojective if and only if G is compact. Also it is easy to see that the biprojectivity of a Banach algebra gives the approximate biprojectivity of that Banach algebra. Question 1.2. For a continuous weight w ≥ 1 and a locally compact group G. What will happen if L 1 (G, w) is approximate biprojective?
Authors in [18] showed that for a locally compact group G, L 1 (G) is φ-biflat if and only if G is amenable.
This paper is devoted to the investigation of approximate biprojectivity and φ-biflatness of Banach algebras related to the locally compact groups like group algebras, Segal algebras and Fourier algebras. We are going to answer above questions in this paper. We answer Question 
Preliminaries
Let A be a Banach algebra. We recall that if X is a Banach A-bimodule, then X * is also a Banach A-bimodule via the following actions
Throughout, the character space of A is denoted by ∆(A), that is, all non-zero multiplicative linear functionals on A. Let φ ∈ ∆(A). Then φ has a unique extensionφ ∈ ∆(A * * ) which is defined byφ(F ) = F (φ), for every F ∈ A * * . Let A and B be Banach algebras. A⊕ 1 B is a Banach algebra with the usual direct product multiplication and with the norm ||(a, b)|| = ||a|| + ||b||.
It is easy to see that
Let A and B be Banach algebras. The projective tensor product of A with B is denoted by
every a ∈ A and b ∈ B. We denote π A : A ⊗ p A → A for the product morphism which specified
Let G be a locally compact group. A continuous map w : G → R + is called a weight function, if w(e) = 1 and for every x and y in G, w(xy) ≤ w(x)w(y). The Banach algebra of all measurable functions f from G into C with ||f || w = |f (x)|w(x)dx < ∞ and the convolution product is denoted by L 1 (G, w). The map φ 0 : L 1 (G, w) → C which specified by
is called augmentation character, for more details see [2] .
Suppose that A and B are Banach algebras and M is a Banach (A, B)-module. The matrix
is called a triangular Banach algebra which equipped with the norm
Following theorems are given by authors in [19] . They used these theorems to characterize the approximate biprojectivity of some semigroup algebra. We are going to use these theorems in the algebras related to the locally compact group.
Theorem 2.1. [19] Let A be an approximately biprojective Banach algebra with a left approximate identity (right approximate identity) and let φ ∈ ∆(A).
Then A is left φ-contractible(right φ-contractible), respectively.
Theorem 2.2. [19] Let A be a Banach algebra with a left approximate identity and let φ ∈ ∆(A).
is not approximately biprojective.
Approximate biprojectivity of the algebras related to a group
In this section we investigate the approximate biprojectivity of some Banach algebras related to a locally compact group and we are going to answer Question1.1 and Question1.2.
Biprojectivity of group algebras has been investigated by Helemskii, see [3] . 
which shows that m is a constant function in L 1 (G, w), so we can assume that 1 ∈ L 1 (G, w).
Since w ≥ 1, therefore
Now apply [6, Theorem 15.9] to show that G is compact.
For only if part, using the same arguments as in the [3, Theorem 5.13], it is easy to see that
We recall that, for a locally compact group G, a Banach algebra S(G) with norm || · || S(G) is called Segal algebra with respect to
(iii) For f ∈ S(G) and y ∈ G, L y f ∈ S(G) and the map y → δ y * f is continuous. Also
It has been shown that
. Also it is well-known that S(G) always has an approximate identity, see [15] for more information. Note that φ 0 (the augmentation character on
It is well-known that pseudo-contractibility implies the approximate biprojectivity of a Banach Proof. Let S(G) be approximate biprojective. It is well-known tat S(G) has an approximate identity. Then by applying Theorem 2.1, S(G) is left φ 0 -contractible, hence by [14, Theorem 2.1] there exists an element m ∈ S(G) which am = φ 0 (a)m and φ 0 (m) = 1, for every a ∈ S(G).
, it is easy to see that am = φ 0 (a)m and φ 0 (m) = 1, for every a ∈ L 1 (G). Again use the same arguments in the proof of Theorem 3.1, m is a constant function and G is compact.
Converse is clear by [20, Theorem 3.5] .
The class of non-approximate biprojective Banach algebras is wide enough among the algebras related to the locally compact groups. Here we give another class of non-approximate biprojective Banach algebras:
Proposition 3.3. Let G be a locally compact group and S(G) be Segal algebra.
Proof. It is well-known that S(G) has an approximate identity. Then T has an approximate identity too. Since ∆(S(G)) is a non-empty set, Theorem 2.2 finishes the proof. Proof. Suppose that B = A⊗ p L 1 (G) is approximate biprojective. It is easy to see that e A ⊗e α is an approximate unit for B, where e A is a unit for A and (e α ) is a bounded approximate identity
By [14, Theorem 3.14] L 1 (G) is left φ-contractible which implies that G is compact, see [14, Theorem 6.1]. Let ρ : G → C be a group character correspond to φ, see [6, Theorem 23.7] . It is We recall that a Banach algebra A is character contractible, if A is left φ-contractible for every φ ∈ ∆(A) ∪ {0}, for more information about this concept, see [14] .
Proposition 3.5. Let G be a locally compact group. Then the followings are equivalent: Therefore by [14, Corollary 6.2], G is finite.
Proof. It is well-known that L 1 (G) has a bounded approximate identity and by Leptin's theorem A(G) has a bounded approximate identity too, see [17, Theorem 7.
has a bounded approximate identity. Then by Theorem 2.1, 
for every a ∈ A. Let φ ∈ ∆(A(G)) and ψ ∈ ∆(L 1 (G)). Pick x 0 ∈ A(G) such that φ(x 0 ) = 1.
It is easy to see that ax 0 = x 0 a, for every a ∈ A. 
Suppose that e is a unit element of ℓ 1 (G). Similar to the above process we can find n α = ρ α (e) ∈ A ⊗ p A which a · n α = n α · a and ψ • π A (n α ) = 1, for every a ∈ A. Then ℓ 1 (G) is left ψ-contractible. Therefore by [14, Theorem 6.1], G is finite.
Proof. The main result of [13] asserts that, if G is a SIN group, then S(G) has a central approximate identity, say (e α ) α∈I . Suppose that φ ∈ ∆(S(G)). Plainly we have φ(e α ) → 1.
Define n α = e α ⊗ e α , it is easy to see that xn α = n α x and φ ⊗ φ(n α ) = φ ⊗ φ(e α ⊗ e α ) = φ(e α )φ(e α ) → 1, for every x ∈ S(G) ⊗ p S(G). Now since S(G) ⊗ p S(G) is approximate biprojective, there exists a net
Let E = I × Θ I be a directed set with product ordering. Suppose that γ = (α, β α ) ∈ E and 
φ-biflatness of the algebras related to the locally compact group
In this section we are going to study the φ-biflatness of Segal algebras and double dual of group algebras and we want to answer the Question1.3.
We recall that a Banach algebra A is φ-Johnson amenable if and only if there exists m ∈ (A ⊗ p A) * * such that a · m = m · a andφ • π A (m) = 1, see [18] .
Remark 4.1. In order to show that a locally compact G is amenable, we only need to find a net (g α ) α in L 1 (G) which g α ≥ 0 and ||g α || = 1 and also ||δ g g α − g α || → 0, for all g ∈ G, see [17, Proof. To reach our quest, first we show that there exists a net (
Then we use this net to construct a net in L 1 (G) which satisfied Remark 4.1.
First we are going to find (b λ ) λ , let S(G) be a φ 0 -biflat Banach algebra. Then there exists a
It is well-known that S(G) has an approximate identity (e α ) α . Then for m α = ρ(e α ) in (S(G) ⊗ p S(G)) * * we have
We are going to find a net in S(G) ⊗ p S(G), say (b λ ) λ with respect to (m α ) α . Let ǫ > 0 and pick finite sets F ⊆ S(G) and Λ ⊆ (S(G) ⊗ p S(G)) * . Define
Using (4.1), for ǫ > 0 it is easy to see that there exists a v depending on (ǫ, F ) such that
Replacing ǫ with
where K 0 = max{||f ||, f ∈ Λ}, one can show that there exists a v depending on (ǫ, F, Λ) such that
Using the Goldestine's theorem, one can see that there exists a net (
Hence for every ψ ∈ K, there exists λ 0 depending on v (which v depends on (ǫ, F, Λ)) such that
Since for λ 0 we have |ψ(b λ 0 ) − ρ(e v )(ψ)| < ǫ, then for every f ∈ Λ, the following holds
Now we are going to find a net (g λ ) in L 1 (G) which satisfies Remark 4.1. To see this, define
for every a, b ∈ S(G). It is easy to see that
T is a bounded linear map. Also one can show that aT (x) = T (a · x), T (xa) = φ 0 (a)T (x) and
Thus, it is easy to see that (4.2) also converges to 0 in the L 1 -norm. Since φ 0 (f λ ) → 1 and |φ 0 (f )| ≤ ||f || L 1 (G) (by [1, Lemma 2.2] these statements make sense), we may take a subnet of (f λ ) that stays away from 0. Hence without loss of generality, we suppose that
which is bounded. Consider Let A be a Banach algebra and φ ∈ ∆(A). A is called φ-inner amenable if there exists a bounded net (e α ) α in A such that ae α − e α a → 0 and φ(e α ) → 1, for every a ∈ A, see [8] . Proof. Let A * * be aφ-biflat Banach algebra. Then there exists a bounded A * * -bimodule morphism ρ : A * * → (A * * ⊗ p A * * ) * * such that for every a ∈ A * * we havẽ
Since A is φ-inner amenable, then there exists a bounded net (e α ) in A such that ae α − e α a → 0 and φ(e α ) → 1 for every a ∈ A. Set m α = ρ(e α ), since ρ is a bounded map, then (m α ) α is a bounded net. By Alaglou's theorem, let M be a w * -limit point of (m α ) in (A * * ⊗ p A * * ) * * . Then
On the other hands
Take ǫ > 0 and a finite set F = {a 1 , a 2 , a 3 , ..., a r } ⊆ A. Define
where K ∈ R is a bound for the bounded net (m α ) α . It is easy to see that V is a convex set and (0, 0, ...., 0) is a w-limit point of V . Since the w-topology and the norm topology are the same on the convex sets, then (0, 0, ...., 0) is a || · ||-limit point of V . Then there exists an element n (F,ǫ) in A * * ⊗ p A * * such that ||a i · n (F,ǫ) − n (F,ǫ) · a i || < ǫ, |φ • π A * * (n (F,ǫ) ) − 1| < ǫ.
Consider β = {(F, ǫ) : F ∈ F (A), ǫ > 0}, where F (A) denoted for finite subsets of A. β with a following order is a directed set:
Therefore we found the net (n (F,ǫ) ) (F,ǫ)∈β in A * * ⊗ p A * * which satisfies the following:
a · n (F,ǫ) − n (F,ǫ) · a → 0,φ • π A * * (n (F,ǫ) ) → 1.
There exists a bounded linear map ψ : A * * ⊗ p A * * → (A ⊗ p A) * * such that for a, b ∈ A and m ∈ A * * ⊗ p A * * , the following holds; Define ν (F,ǫ) = T (γ (F,ǫ) ), it is easy to see that ν (F,ǫ) is a bounded net and
Therefore by [11, Theorem 1.4] A is left φ-amenable. 
Proof. It is well-known that L 1 (G) has a bounded approximate identity. Then L 1 (G) ⊗ p L 1 (G) has a bounded approximate identity too. By Theorem 4.3,
amenable, where φ, ψ ∈ ∆(L 1 (G)). Hence by [11, Theorem 3.3] , L 1 (G) is left φ-amenable.
Apply [1, Corollary 3.4] to show that G is amenable.
